HAM NHIEU BIEN

1. Pinh nghia Ham 2 bién.
f:DcR*>R
M y)z=1(M)=f(x,y)
Mién x4c dinh cia ham f(x,y) 1a mién D = R? sao cho f(x,y) c6 nghia.
VD: f:DcR* >R
M(X,y) > z=f(xy)=y1-x*—Vy?
Mién xac dinh ciia ham f(x,y) la tap hop nhitng diém M (x, y) € D sao cho

1-x -y’ >0 x*+y* <1

z>0 220
=N
72 =1-x*-y* 2+ x°+y* =1

DN Pudng ding tri: 12 tap hop cac diém M(x,y) sao cho f(x,y)=const. (hang sd)
VD: F(XY) =X Y2 =10 e
2. Gidi han va lién tuc
2.1.Khoing cach giira 2 diém, day diém.
Cho 2 diém M(x,y), My (X, Yo) thi d(M,Mg) = /(x=%,)2 +(y—¥,)? >0
Cho day diem Mo (X Yo) My (X, Y1) M5 (%5, Y5 ) My (X )
Diy diém M, hoi tudén M, ky hiu M, - M,
néu d(M,,M,) =0 (X, = X, Y, = ¥,)

VayDla...........oooeei.
Db thi ham sb f(x,y)

2.2.L.4an can tai mot diém
Cho My (%, ¥,), >0, B(M,r)={M eR*/d(M,M,)<r} lan can cia dicm M,

bay la dia tron tam tai M, va ban kinh la r (khong lay bién).
M,(X,Y,), >0, B'(M,r)={M eR?/d(M,M,) <r}: dia tron l4y bién
M, (X, Y,), r>0, oB(M,,r)={M eR*/d(M,M,)=r}

Do d6 B'(M,,r)=B(M,,r)+0B(M,,r)



2.3.Gigi han ham 2 bién.
f:DcR*’>R
M(x,y)—>z=f(M)
Ham f(x,y) c6 gigi han 1a a khi M tién dén M taviét f(M)—>a khi M — M, néu
Ve>0,36>0:YM e D,0<d(M,M;) <5 =|f(M)-a|<e
cniay M (X, y)=a
Ky hiéu K> (X, y)
Y—>Yo
2

. Xy
VD1: Tinh 1M
20 2—\J4+xy?

i (1
vD2:Tinh IM(X* +y*)sin [_j

y—0 Xy
: Xy
VD3: Tinh !(ILI; XZ 4 yz

y—0

Chon hai ddy (x,,v,) = (1,1);(x;, y)= (glj , chuyén vé gisi han mot bién.
n'n n'n

2.4.Lién tuc tai mot diém.
Ham f(x,y) lién tuc tai M, (x,,Y,) Néu nd thoa 2 diéu kién
e Ham f(x,y) x4c dinh tai M (X,, Y,)

o lim f(X’ y): f(xmyo)

X—>Xg
Y—=Yo

Ham f(x,y) lién tuc trén D néu f(x,y) lién tuc tai M,(x,,Y,), VM, eD

2.5.Pinh ly Weirestrass: Cho E l1a tap Compact, E e R?, f(x,y) lién tuc trén E. Khi ay.
e f(x,y) bi chan trén E.
o f(x,y)dat GTLN, GTNN trén E.
MO Y1) N, Y,) € ED O Y) < FX y) < F(X,,Y,)

e E compact néu

v' E dong ( néu E chira bién ciia nd)

v E bi chan (néu c6 mét hinh tron chaand E < B(0,R)

VD: E=B'(0,1)={M e R?/d(M,0) <1}



3. Pao ham-Vi phan.
3.1.Pao ham riéng.
Cho ham z = f (x, y) . Pao ham riéng caa ham f(x,y) theo bién x tai M, (X, Yo)
f (Xo +AX, YO)_ f (Xo’ yo) :
AX

of 0z ' i
° &(Xo:yo):&(xmyo): fX(XO’yO):AIJ(TO

DPHR cua f(x,y) theo bién x.
f(Xovy0+Ay)_f(Xo1yo) .
Ay '

of oz , _
° E(Xw Yo) :E(XO’ Yo) = fy(Xo' Yo) = A';TO

DPHR cua f(x,y) theo bién y.

VD1: f(x,y)=3x"y+y®+x% ﬂ(1,0) :?;ﬂ(l,O) =7
OX oy

ﬂ:6xy+2x:ﬂ(1,0):2
OX OX

A 3 +3y? :ﬂ(l,O) =3
oy oy

VD2: f(x,y)=3x*+y*.Tinh i(x, y) :?;ﬂ(x, y)=?
OX oy

VD3: f(x,y)=In(x*+e’) Tinh ﬂ(x,y):?;ﬂ(x, y)="?
' OX oy

3.2.Ham kha vi va vi phan toan phan.
Ham f(x,y) dwoc goi 1a kha vi tai M (x,,Y,) néu sé gia ham sé dugc biéu dién.

Af = Az = AAX+B.Ay+0(d), d=+/(AX)* +(Ay)?
Dai lugng: AAX +B.Ay = df (X,, Y,) :Vi phan toan phan cip 1 caa ham f(x,y) tai M, (%,, Y,)

Pinh Iy: Néu ham z = f(x,y) xac dinh trong lan can cua diém M, (X, Y,) Vva cac dao ham
rieng f,, f, lién tuc tai M (x,, y,) thi f(x,y) khavitai My(x,,y,) va

of of

&(Xm yo) =A E(XO’ yo) =B

Lic do df (x,,Y,) = AAX+B.Ay = f/(x,, ¥p)-dx+ (X, ¥,).dy
Vay ff = fldx+ f.dy = df (X, y,) = £,(X), Vo)-dx+ (X5, ¥,)-dy
VD: Tinh vi phan cap 1 cia ham f(x,y) tai diém (1,0) voi f(x,y) =e>*Y. df (1,0)="?




Ung dung vi phan tinh gin ding:
Af = AAX+B.Ay+0(d), = Af = f(X), Yp)-Ax+ (X, ¥, )-Ay

= (% +AX Y, +AY) = T (X, Vo) = F(Xg, Yo)-AX+ (X, ¥, )-Ay
= f (% +AX Yo +AY) = f (X, Vo) + T (%o, Vo) AX+ T/(X,, ¥,)-Ay
= F(Y) = (%, Yo) + F,(%, Vo) AX+ (X, ¥, )-Ay
= F(M) =~ f(Mg)+ f/(M)Ax+ f/(M,).Ay
= f(M)= f(M,)+df (M,) @
VD: Tinh gin déng +/(1,02)° + (1,99)*
Xétham f(X,y)=x*+y>.Taco: X, =, Vg = e AX =, Ay = s, T (X4, V) = oo
i Lt
f, = £/ (X Yo) =
Thay vao cong thirc xap xi (1) ta co:
J(1,02)* +(1,99)° ~
3.3.DPao ham theo huéng

Dao ham cua ham f(x,y) theo huéng u(u,,u,) (vector don vi) tai M, (%, Yo)

f (X, +tu,, y, +tu,) — (X, Y) )

of .
— (X, Yp) =lim
ou

t—0 t
° Néu l_j(l,O), u1:1'u2:0:>|ting f(X0+t|y0z_f(X0’y0)=%(X0’y0):DHRthGOX
- X
e Néuu(01); u =0u, =1= lim f(XO’yOHz_ (. ¥o) :%(xo,yo):BHRtheoy

Pinh IV: Cho f(x,y) kha vitai M,(x,,Y,) thi tai 6 n6 co dao ham theo moi huéng u(u,,u,)

va

of of of
E(Xm yo) = &(Xoa yo)ul +E(Xo’ yo)uz (3)

o ot
ox ' oy

Pit Vf (x, ) =( : gradient caa ham f(x,y), u(u,,u,) thi



of -
=y =(Viyd) @

Chang minh: Vi ham f(x,y) kha vi nén ta co:

Af = Az = AAX+ B.Ay+0(d)
of of
< F (X +tuy, Y, +tu,)— F(X,Y,) :—(XO, yO)tul+5(x0, Yo)tu, +0O(d)

i f(x0+tu1,yo+ttu2)—f(xo,yo) (Xoayo)u Lo (Xo’yo)u

of of
SE(XO’yO) (Xo’yo)u +8y(xovyo)u =f (Xovyo)u +f, (Xovyo)u

VD1:Tinh dao ham cua f(x,y) =3x?y + y theo huéng u = 2i + j tai M(1,2)

f, =6xy f/(1,2)=12
=
fi=3x*+1 " |f,(L2)=4

u=2i+ ]:(21):>V( Vv,) = i: (21 —(i,ijzvectordo’nvi.

of ~ ~
===~ (12)v +8y(12)2 ~12.%

VD2: f(x,y)=e>". Vf(1,0)="?

fo=o £/1,0)=... f
{fy'= ----- :{f'(l,O)z = VEL0)=(....)

,(1,0)=.....
VD3: f(x,y)=x%+ysinx. Vi(x,y)=2

3.4.Dao ham riéng cia ham heop
a) z="f(xy);, x=x@); y=y()
Taco: z=z(t) = dz=z,dx+z,dy
dz dx dy

!

=7, —+71,—=17,.X+Z1.Y,
o X Y K2y
Do do



dZ ! ’ ! !
e zx+z,.y, (3.0

VD1: z=x"+xy, x=t* y=3t
Chay: z=1(x,y); y=y(x)

dz
—=72'1+72'y (3.2
dX X y yX ( )

VD2: z:x+sin(1j; y=x
X

b) z=f(x,y); x=x(u,v);, y=y(u,v)

0z

—=zx +2.y (3.3
au x"Mu y yu ( )
az ! ! ! ’

v X 2.y, (3.4)

VD3: z=eY; x=x(u,v)=u’+Vv’ y=y(,Vv)=uv
3.5.Pao ham riéng cia ham an.
Pinh nghia: Phuong trinh F(x,y,z)=0 c6 thé xac dinh mot ham an z = z(x, y) vdi cac diéu
kién sau:
e Xac dinh, lién tuc trong B(M, &), M (%,, ¥y, 2,), £>0
o F(XY5,2)=0
e 3JF,F,F liéntyctrong B(M,,¢)

o F/(X,Y¥,2)#0

_ K

Zx = ——'

N I:Z
thi ;
Z, = 5

X FZ’

VD: Cho xyz=x+y+z. Timdz=?

Céch 1: Xem phuong trinh trén nhu 1a F(x,y,z)=xyz-X-y-z=0
Z, =
F =..=> {z =dz=

Cach 2:Xem z=z(x,y), x.y la bién doc lap

LAy vi phan 2 vé cua phuong trinh xyz=x+y+z



4. Pao ham riéng cip cao, vi phan toan phan cap cao.
4.1.Pao ham riéng cap cao.
Xétham z = f(x,y). DHR cép 2 1a DH cua DHR cap 1.Xét cac DHR cap 2 sau

% Zf_x - Z;Z — £ =27, : loy DHR theo x 2 Ian,
% % = s;;x = f, =2, lay DHR theo y truéc, X sau.
% % - s:;y _ 7 = 2" :IAy DHR theo x truc, y sau.
% % _ Z/Z — 7 = 2" : 1y DHR theo y 2 Iin.

VD: f(x,y)=xy*+2x%y* + 4xy
fo =6xy’ +4y?

f/ =3x’y?+4xy’ +4y =
" d Yoy {fx'y’:6x2y+8xy+4

Ta co:
f, =2y +4x’y +4x= ) =2x° +4x°
Pinh 1y Schwarz (Pao ham hdn hep)
Néu trong mét 1an can B(M,,r) cta diém M, (x,,Y,) ham z=f(x,y) c6 cac dao ham
hdn hop va cac dao ham nay lién tuc tai M (x,,Y,) thi
fx; (Xo’ yo) = fy’:( (Xo’ yo)
4.2 .Vi phan toan phan cép cao.
Cho z= f(x,y); x,y labién doc lap, Ax=dx=C,, Ay=dy=C,; C,,C,: hang sb.
Ta co:
df (x,y) = f,(x, y)dx+ f/(x, y)dy[ vi phan cip 1

d®f(x,y) =d(df (x,y))=d( f,(x, y)dx+ f;(x,y)dy): vi phan cip 2



d (f/(x, y)dx)+d(f;(x, y)dy)

d(f,(x,y)).dx+d(dx).f/(x, y)dx+d ( f (X, y)).dy+ d(dy).f,(x, y)dy

d(f,(xy))dx+d(f/(xy))dy

= (o (x, y)dx+ £,2 (x, y)dy)dx+( f7(x, y)dx+ f,r (x, y)dy)dy

= f. (X, y)dx? +2f; (x y)dxdy + f” (x y)dy?
. (o .0 Y. (& &2 & .,

Do do: d f(x,y)—[ax.dx+ay.dy] f= (8 > Y Y jf

2 2 2
d’f(x,y)= (afdx+2§f +az. 2]

d2f(x,y) = fodx® +2f dxdy + f.'dy? : vi phan cap 2.

Suy ra: [d" f (x,y) = (i.dx+i.dyj f | :viphancapn
OX oy

VD: Tim vi phan toan phan cip 2 cia ham
z=f(x,y)=2x>=3xy—y?

, z; =4
z, :4x—3y:>{z,, _ 3

Xy
y==3X=2y= 7] =-2
d?f(x,y) =zl dx* +22! ,dxdy + 27, dy? = 4dx® — 6dxdy — 2dy?

4.3.Cong thuc Taylor
Gias z= f(X,y) c6 dao ham dén cap n+1
= (X, +AX, Y, + Ay) = f (X, +L.AX, Y, +tL.Ay) = (1)
Néu t=1= (1) = f (X, +AX, Yy, +Ay) = f(X,Y)
t=0=¢(0)= (X, Yo)
Vi ¢(t) ¢6 dao ham dén cip (n+1) nén theo Cong thitcc Maclaurin ta co:

" m (n) (n+1)
qo() A O REIA PR A O PRl CO RS S

#(1)=90)+ 21 TS N
Néu t=1 thi
(1) = 0(0) +§0'(O) +§0"(0) +(/""(O) N +§0(n)(0) +(0(n+l)(<9t), 0<0<1) Q)

1! 21 37l (n+1!
Mat khac:



o(t) = (X, +tAX, ¥, +t.AY) = f (X, y).
= ¢'(t)=f.x+ 1Ly = LA+ f Ay =df (x,y)
= ¢'(0) =df (X,, ¥o)
I A0) I X+ )y
dt dt
e

dm 0 d(fydxr fdy) = d(df (x, y)) =07 F (x,y)

= @"(0)=d*f (X, Y,)

Do d6: ™ (t)=d"f(X,y) = ™ (0)=d" f(X,,Y,)
Thay vao (1) ta dwgc cong thirc Taylor

¢'(0)  ¢"(0)  ¢"(0) " (0) o™V (6t)
1) = (0 . , (0<6<) (1
e TR TR 3t T +(n+1)! 0<0<1) @
df (%, %) , 4°F (0. ¥6) , |, 4™ (%, ¥0) , A7 (% +OAX, yo + OAY)
1 21 n! (n+1)!

f(x,y)=f(%,Yo)+

L d (X, Y,) +d”*lf(x0 +0AX, Y, + OAY)

Vay[f(x,y)=>]

: Khai trién Taylor
=T (n+1)!

Néu x, =0;y, =0 thi ta c6 khai trién Maclaurin.

n k n+l
Khai trién Maclaurin: [f (x,y) = d"f(0,0) + d" f (6AX, OAY)
o k! (n+1)!

VD: Khai trién ham f(x, y) = x’y® tai x, =1y, =1 déncap 2

¢ fLY=1
e Viphancip1
fy =2xy° f/(1,1)=2
{ fr=3xy? = { f1.1)=3 = df (1,1) = 2.Ax+3.Ay
e Viphan cip 2
fo =2y’ fr1,1) =2
fo=6xy’ =< f/(L1)=6=d*f(L1) = 2.A¢ +12.AXAy + 6AY?

fr=6xy |fy(L1)=6



dfF @) df(Ll)
1! " 2!
f(xy) =Xy =1+2(x=D+3(y -1+ (x-1)* +6(x-D(y -1 +3(y -1)°

f(x,y)=f(@Q1D+

BTVN:
1. Tinh dao ham riéng cép 1 theo tirng bién caa cac ham sau.

f(x,y)=x*y?+In(x*+y). Tinh Z—f
X

f(x,y)=|n(x+«/x2+y2)

2. Tinh vi phan cip 1 cua cac ham.
Z(x,y) = In[sin ij
y

z=x"+2"
z=arctan(y —x).
3. Tinh Gradient ctia cac ham.

z=xy+sin(xy).
206Y) = (x+ )

4. Tinh dao ham cua ham sau:

f(u,v)=u®sinv, u=x’+y* v==
X
5. Tinh dao ham riéng cip 2 cua cac ham sau.
2

Tinh of
OX

néu f(x,y)=xysin’x.

2

néu f(x,y)=2"
Tim dao ham riéng cép hai 2. cia ham hai bién z = xe” +x°y” + ysinx.
Cho ham hai bién z = yIn(xy). Tinh zJ,.

6. Tinh vi phan cip 2 cua cac ham.

Tim vi phan cép hai cia ham hai bién Z = €" tai M,(L1).

Tim vi phan cip hai caa ham hai bién Z = xe?Y



5. Cuc tri ham nhiéu bién(cuc tri tw do)
5.1  Pieu kién can cia cuc tri

PN cuc tri: Biém P,(x,, Y,) _ cuc tiéu néu

3dB(R,,¢) cua P, saocho f(x,,¥,)< f(x,y) V(X,y)eB(R,,e) (X, ¥)#= (X Y,)
Tuong tu cho cuc dai f(X,y)< f(X,,Y,)

Céc diém cuc dai, cuc tiéu goi chung cuc tri

Diém dirng: Diem (x,,Y,) _ diém dung cia f(x,y) néu f,(x,,y,) = f, (%, ¥,) =0
Dinh Ly (DK can co cuc tri): Néu ham z = f(x,y) c6 cuc tri tai P,(X,,Y,) thi tai P,
ham sb c6 cac dao ham riéng =0( Diém dung).

52 DK du cua cuc tri
binh Ly: cho f(x,y) xac dinh, lién tuc va c6 dao ham riéng cap 2 lién tuc trong lan can

caa diém dung P, (%,,Y,) -
bat A= fx"x(xo')/o); B= fx"y(XO’yO); C= fy"y(XO’yO); A=AC-B*

- Néu A>0,A<0= P(x,,Y,) ladiém cuc dai cia f(x,y)
- Néu A>0,A>0= P(x,,Y,) ladiém cuctiéucaa f(x,Y)
- Néu A <0 thi P,(x,,Y,) khong la diém cuc tri cia f(x,y)
VD: Timcuctri f(x,y)=x’+y>—3xy

B1: Tim diém dung.

o f,=0 [3x*-3y=0_ [y=X’ y=x )
Giaihé pt ¢ = = =
f.=0 |3y*-3x=0 [3x"-3x=0 |x(x*-1)=0 (2)

y

)

@ x=0=y=0
)

x=1=y=1

'. Ta c6 2 diém dung P,(0,0), P,(1,2)

B2: Tim cuc tri tir diém dung, tinh cac dao ham riéng cap 2

f. =6x, f. =

XX Xy

-3, f. =6y

vy

Thay timg diém dimg vao cac DPHR cip hai ta duoc cac hang s A, B, C



V6i P(0,0), tacs A= f.(0,0)=0, B=f, (0,00=—3, C=f,(0,00=0, A=—9<0

Két luan: Diém P(0,0) .......cc.cceeennne.

Véi P,(11), A=f,(L1)=6,B="f (11)=-3,C=f,(11)=6,
Xét A=36-9=27>0,A>0

Két luan: Biém P,(1,1) 1a diém cuc tiéu va f (L,1) = -1

Cha y: Bé xac dinh (x,,Y,) 1a cuc dai/ cuc tiéu ta co thé xét

A2 f (Xor Vo) = Foe(Xo, Yo)dX? +2 £, (X, yo)axdy + f, (X,, ¥,)dy® bang cach xem

d*f (X,, Y,) nhu 1a mot dang toan phuong cta bién dx, dy

A B A, =A>0 7
A= ! = d*f(P,)>0: cuc tiéu
B C A,=A>0

A =A<0 ) .
=d“f(PR,) <0: cuc dai

A,=A>0

A <0=d*f(P,) khong xac dinh ddu— P, khong Ia cuc tri

Twong ty cho ham 3 bién f(x,y,z)=w

fxl(xo’YO’Zo):o
Biem ding { f, (X, Yo, 25) =0=> My (%, ¥y, Z,) diém ding
le(xo’yovzo)zo

2
d*f(M,) = i.dx+i.dy+i.dz f
OX oy 0z

o f o f o f o f o f o0 f
:W(Mo)dx2+ Y (M,)dy* + o (Mo)d22+28xay(M°)dXdy+2 az(MO)dydz+28xaz

(M, ) dxdz

= £ (Mo)dx® + f_(M)dy® + f,,(M,)dz® + 2 (M)dxdy + 2, (M,)dydz + 2 f , (M, )dxdz



fou(Mg)  fy(Mg) (M)
Xét A= fy::X(MO) fy}(Mo) fy:Z(MO)
fa(Mg)  f,(Mg)  £,(My)
e A >0A,>0A,>0=d*f(M,)>0= M,cuc tiéu
e A <0A,>0A,<0=d*f(M,)<0= M,cuc dai
o d*f(M,) khong xac dinh ddu= f (x,y) khong dat cuc tri tai M,

VD, 7:2x° +y* — x> —4x+4y -7

2, =6x*-2x-4=0 (3x*-x-2=0 [x=1x="2
:{ :{x X - A

z,=2y+4=0 y=-2
Vay ta c6 2 didm dimg P.(L,-2), P, (— 2 ,—2)

Xét cac dao ham riéng cap 2

”
z, =12x-2
=12, =0

2" =2

W

Véi B(1L,-2) taco

2" (1,-2) =12
=124 (1L,-2)=0 =d*f(1,-2) =12dx* + 2dy’ > 0= P(1,-2) la diém cyc ticu
z),(1,-2)=2

)
_/,_z)zo — d2f (_y,—2)=120|x2+2o|y2 = PZ(—%,—Z)Iacuc tidu

VD: Tim cuc tri ctia cac ham
f(X,y)=(x=D2+2y% f(x,y)=(x=1)7=2y% f(x,y) =x" + y* —=x* = 2xy — y?



6. Cuc tri c6 diéu kién
Dinh Nghia: Ham f(x,y) voidk o(x,y)(co do thi (5)) dat cuc dai tai M (X, Y,) néu

+ P(%,Yy) =0

+ FY)S (X, Y,) V(X Yy)eDn(5) (Dlancancaa M(x,,Y,))
Pinh Ly (DK can cua cuc tri c6 dk)

Xeét f(x,y) voidk @(x,y) =0 thoa cac dk

+ f(X,y), o(x,y)=0 khavi

(%) %0, 9 (X, ¥,) 0

+ f(x,y) voidk o(X,y)=0 dat cuc tri tai M, (X,,Y,)-

fxl (X1 Yo) +ﬁv¢>l< (X5: ¥0) =0
Khi gy 34:(%)2 , (X, Vo) + A0, (%5, ¥5) =0 A _nhan tir Lagrange

(D(XO’ yo) =0

Dinh Ly (DK dii)

Cho f(x,y), @(X,y) c6 dao ham riéng cap 2 lién tuc trong lan can M (x,,y,) vathoa (*).
Xét L(x,y,4) = f(x,y)+Ap(X,y): ham Lagrange

L (X, Y,) =0
Buwéc 1: I_'y(xo, Yy) =0=> (X, ¥, 4) diém dung caa ham Lagrange

(%, ¥o) =0
Pua ham cuc tri co diéu kién — khéng diéu kién

N N " 2
Busc 2: Xét d?L(X,, Yo, 4) : L, (X, yo,/l)ldx2 +2L, (X1 Yo, A)axdy + L (X, Yo, A)dy
do(X;, Yo) = 0, (X5, Yo)dX+ ¢, (X5, Yp)dy =0 (**)
+Néu d?L(x,, Y, 4) xac dinh duong voi (**) - M, cuc tiéu caa f (x,y) véidk o(x,y) =0
+Néu d?L(x,, Y, 4) xac dinh am véi (**) — M, cuc dai caa f (x,y) véi dk o(x,y)=0

+ Néu d?L(x,,Y,,4) khong xac dinh ddu — M, khong la diém cuc trj caa f (X, y)



VD f(X,y)=x*+Yy? dk: p(X,y)=x+y-2=0
Céch 1:Xét ham Lagrange: L(x,y)=x*+y*+A(x+y—-2)

B1: Tim diém dirng cua ham Lagrange

L, =2x+4=0 A =-2X X=Yy x=1
L, =2y+1=0&:1=-2y ©i1=-2X =:1=-2
X+y=2 X=2-Yy y=2-X y=1

Piém P(1,1) 1a diém dirng ciia ham Lagrange tng véi A =—2
B2: Xét dau d’L(1,1,-2) véi didu kiendg = p,dx+ ¢, dy =0

Taco: p(X,y)=x+y-2=0=dp=dx+dy=0=de(l1)=dx+dy=0

L, =2 L, (L1 -2) =2
L, =0 ={L,@11-2)=0
L, =2 L, (L1, -2)=2

St d’L(L,1,-2) =L" (1,1, -2)dx* + 2Ly (1,1, -2)dxdy + L (1,1, —2)dy?
do(l,))=dx+dy=0

2 9} — 2 2
Q{d LLL=2)=2d+20Y" _ 421 (0.1, _9) 4de? > 0

dy = —dx
Vay f(x,y) dat cuc tiéu tai M,(L,1) véi didu kién o(x,y) =x+y—-2=0
C2: Thay y=2—-x vao f(x,y)=f(X)=xX*+(2-x%)* =2x* —4x+4=2(x*-2x+2)
f(X)=4x-4=0=>x=1, f (X)=4=f (1)=4>0

Ham dat cyc tiéu tai x=1,y=2-x=1va f_ =2

2 2

VD: Tim cyc tri ham z = xy véi dk %+y?:l

X2 y2
L(X,y) =Xy + 2| 42—
(%) xy+(8+2 j



Giai h¢

y=0

y+ 2% _ow) Ay A=2

=0 8 y-——=0 =2

21y 4

=0 X+T=O(Z):> X==1y ={X=-41y
2 2 2 2
=0 Xy X_+y_:1 X_+y_:
€+7=1(3) 8 2 8 2

(2)= x=-1y(4) . Thay x=-1y vao (1) ta dugc y+%(—/1y):0

/12
1——
:y[ -

+Giai hé (1)

=0
=0= y
A=12

y=0
X=-A1y

y=0
= 1x=0 hé khong c6 nghiém_loai
0=1("H

2 2

LA
8 2

=1

+ A=2= x=-2y. Thay vao (3) ta duoc

4Ly

8 2

1=y =l y=+l=x=-2y=-2(x]) =42

Ta c6 2 diém dung M,(2,-1),M,(-2,1)

+ A =-2= x=2y. Thay vao (3) ta duoc

4y

8 2

1=y =l y=+l=x=2y=2(x])=+2

Ta c6 2 diém dung M,(2,1),M,(-2,-1)

(1

(1)

(1)




d2L = %dxz +2dxdy + Ady? (5)

d¢=§dx+ ydy=0 (6)
Xét dau d*L(M) voi dk (6)

* Ml(2,—1):>dgo(Ml):%dx—dy:O:dy:%dx(*)

2
Thay (*) va 1 =2 vao (5) dZL:%dx2 +2dx(%dxj+2(%j dx* = 2dx* >0
Do d6 z dat cuc tiéu tai M,, z(M,) = -2

* Mz(—2,1):>d(p(M2):—%dx+dy:0:>dy:%dx(**)

2
Thay (*) va 1 =2 vao (5) dZL:%dx2 +2dx(%dxj+2(%j dx* = 2dx* >0
Do d6 z dat cuc tiéu tai M,, = z(M,) =-2
1 1
* M, (2,2) /1:—2:>dgo(M3):de+dy:O:dy:—de(***)

Thay (***) va 1 =-2 vao (5)

42 =L dx? +2dx(-1dxj—2(1dx2j=-1dx2 kL dx? = —2dx? <0
2 2 4 2 2

Do d6 z dat cyc dai tai M,, z(M;) =2
* M,=>z.,=2M,)=2

7. Giatrilén nhat, nhé nhat ciia ham trén mién déng, bi chan
Tim GTLN, GTNN trong mién G compact (d6ng, bi chan)

+ Néu f dat cuc tri tai M trong G = cuec tri (tu do)



+ Néu f dat cuc tri tai N trén bién G= cuc tri (c6 dk)

Cach gidi:
+ Tim céc diém nghi ngd ¢6 cuc tri trong G.(cac diém ding (M,,M,,M,))
+ Tim cac diém nghi ngo ¢6 cuc tri trén bién G (N, N,)

Sosanh  f(M,), f(M,), f(M,), f(N,), f(N,) tim max, min
VD:: z=x%y(2—x—Yy) trong mién giéi han boi x=0,y=0,x+y=6

e Trong G:
Z, = 4xy —3xy —2xy’ = xy(4—3x—2y)

' 2 3 2 2
2, =2X" =X =2X"y =Xx"(2-x-2y)
Vi tim cuc tri M(X,,Y,) béntrong G= x,>0,y, >0

2,=0 (4-3x-2y=0 [4-3x+x-2=0 |~
. - = =
z,=0 2-x-2y=0 2y =2-X y=

y

e Trén bién
a/ OA->y=0=1z=0

b/ OB—>x=0=2z=0
¢/ AB:x+y=6
Cach 1: L(x,y,4) =X’y(2—Xx-Yy) + A(x+y—6)

L, =4xy-3x°y—2xy° +1=0  [4x(6—x)-3x*(6—-X)—2x(6—-X)*+1=0
L, =2x" =X’ =2x’y+1=0 <<2x*=x*-2x*(6—x)+1=0
X+y=6 y=6-x

X*+2x°+48x+1=0 [12x2+48x=0 [x=0 v x=4
SA=10x" = x° ={y=6-X ={y=6-X
y=6-x A=10x* -3 A=0;4=96.

— M(0,6)_1=0,N(4,2)_1=96



— f(M)=f(0,6)=0, f(N) = f(4,2)=-128

Céach 2: Thay y=6-x vao z=x*(6—X)(2—x—Y) = X*(6— x)(-4) = 4x* - 24x*

. =0 =6
z :12x2—48x:0<:>12x(x—4):0:{§_4:>{§_2 M,(0,6), M,(4,2)

z(M,) = z(l,%j :%—> Max, z(M,) =2(0,6)=0,

2(M,) = 2(4,2) = ~8.16 = 128 — Min

z(OA)=1z(0B) =0
VD,: Tim GTLN, GTNN cta f(x,y) =x*+2y?—xtrong D ={(x,y): x* +y* <1}
e Tim diém dirng cua ham f trong D tacla x> +y? <1

f =2x-1=0 1 1 .
, =>x=—,y=0eD, Ml(—,oj thoa x“+y° <1
f,=4y=0 2 2

e Tim diém dung trén bién x*+y? =1
Xét L=x"+2y* —x+A(X* +y* -1

L =2x-1+24x=0 (1)
L, =4y+21y=0 (2
X*+y*=1 (3)

Tu (2): 2y2+A1)=0=y=0,4=-2
T (3): y=0= x=+1= M,(1,0),M,(-1,0):1a 2 diém ding

) 1 , 3
° i=—2:>2x—1—4x:0<:—2x:1:x:—§:>y :Z:>y:i—

2
Ta ¢6 2 diém dimg M, 143 M, 1.3
2’2 2’ 2

f(Ml):f( ,oj:l-lz-l_nvnn
1 2 12

N| -

f(M,)=f(10)=0



f(M,)=f(-10)=2
My L8] 1,1,,8.8,6.98
2 2 4 2 4 4 4 4
f(M,)= f _1,_£ _1,1.,3.3,6_9
2 2 4 2 4 4 4 4

GTNN cua f(x,y) la —% dat tai M,

GTLN cua f(x,y) |a% dattai M, M,

VD: z=2x*+y* -2 D =[0,1][-1,2]
z, =4x=0 x=0

* Trong D: . = M,(0,0)¢D
z,=2y=0 y=0

* Bién D:
AB:y=-1=7=2x"-1=2 =4x=0<x=0

BC:x=1=z=y’=7,=2y=0y=0=M,(1,0)= f(1,0)=0

CD:y=2=7=2x*+2=72,=4x=0x=0=(0,2)=D

AD:x=0=>z=y*-2=12,=2y=0< y=0=(0,0)= M,(0,0) = y(0,0) =-2

A(0,-1) = f(0,1) =1
B(L-1)= f(L-1)=1

C@2) = f(L2)=4— Max
D(0,2) = (0,2) =2
M,(L0) = f(1,0)=0

M, (0,0) = f(0,0) =—2 — Min






